Abstract: A three-dimensional numerical circulation model is described. The model is based on non-linear hydrodynamic equations, modified according to hydrostatic and Boussinesq approximations. A space-splitting scheme is used for numerical approximations of governing equations. The simple hypothesis on elliptic stream functions shape is utilized to reconstruct the near-surface wind field. The calculated currents correspond reasonably well with observed velocities in different locations lake-wide. 
Introduction
A three-dimensional numerical finite element/control volume circulation model is developed and applied to calculate the flow patterns in Lake Issyk-Kul under the prevailing wind forcing. The model is based on full hydrodynamic equations, modified according to hydrostatic and Boussinesq approximations. A space-splitting scheme is used for numerical approximation of governing equations. Numerical experiments with spatially variable wind loading revealed the rather complicated flow structure in Lake Issyk-Kul.
Data for model validation were collected in spring and summer 2001 during two field expeditions of APELIK INCO-COPERNICUS project. A simple Lagrangian approach with floating buoys and GPS system was used for * E-mail: victor.podsechin@gmail.com current measurements. The simulation results compare well with current measurements taken in different parts of the lake. The model was most sensitive to spatial variations of the near-surface wind field.
The collected data and the numerical experiments with the circulation model provide a solid basis for understanding the main hydrophysical processes on a lake-wide scale. Important knowledge has also been obtained on the spatial dynamics of currents.
Materials and methods

Governing equations
Assuming that hydrostatic and Boussinesq approximations are valid, the complete set of hydrodynamic equations may be written in vector form as follows [1, 2] :
hydrostatic equation
continuity equation
free-surface evolution
Here V=(u,v) is the horizontal velocity vector, w is the vertical velocity component, f is the Coriolis parameter, P is the pressure, ρ is the water density, g is the gravity acceleration, νH, νz are horizontal and vertical turbulent exchange coefficients respectively, z is the water surface elevation, h is the depth from reference level, ∇ is the horizontal gradient operator, t is a time, z is the vertical coordinate positive upward. Boundary conditions at the free surface and at the bottom are:
Here τ is the wind-induced shear stress and τ is the bottom friction stress. Surface shear stress is usually approximated with quadratic law
where ρ is the air density, (W , W ) are wind velocity components and γ=2. 6 10 −3 is a wind drag coefficient. For bottom stresses either quadratic or linear dependence on water velocity is used:
Vanishing velocities near the bottom (V| =− =0) are known as "no-slip" boundary conditions. The system (1-4) jointly with the equation of state and energy equation forms a closed system of equations, describing wide spectra of motions in real water bodies, such as coastal seas, lakes and oceans. Some initial distributions of flow field and temperature close the system. The state of rest (ς=u=v=w=0) is normally used to start the integration. Dimensional analysis of momentum equations [3] shows that horizontal diffusion terms are negligible compared with other terms and is often neglected. In the present model ν H is treated as a constant of the order of 0.1 to 1 m 2 s −1
. For vertical mixing the model employs a classical model of turbulencethe Von Karman mixing length hypothesis [2] . Richardson number dependent semi-empirical algebraic formulations [4] are used to calculate vertical turbulent diffusion coefficient ν .
Numerical discretization
The numerical realisation of the circulation model includes:
1. the bottom-following -coordinate system; 2. the space-splitting numerical scheme [5] ; 3. the Galerkin method with linear triangular elements for integration in the horizontal plane;
4. the upwinding Tabata scheme [6] for approximation of convective terms;
5. the implicit control-volume scheme [7] for integration in the vertical direction.
The implicit control-volume scheme possesses good conservative properties and does not impose limitations on integration time-step. Schematically the main features of the numerical scheme are as follows. After applying the σ -transformation in vertical direction σ =(z+h)/(h+ς), the governing equations can be written in shorthand form as:
where Θ stands for u, v, ς and A and A σ are operators with horizontal and vertical terms respectively. Approximating the time derivative with a forward difference, equation 9 can be split in two:
For brevity the indices denoting each σ -layer in equations 10 and vertical stencil (nodes of the horizontal triangular mesh) in equations 11 are dropped. After introducing vertically integrated velocities the equation 4 describing a free-surface evolution with time can be rewritten as ∂ς ∂ + ∇ · (HV ) = 0 (12)
V σ is the depth-averaged velocity vector, H= ς+h is the total depth. The complementary vertically integrated momentum equation obtained by integrating the equation 1 over the depth and applying boundary conditions 5 and neglecting density variation terms is written as
Here is the Manning roughness coefficient, is the wind resistance coefficient. When the time derivative is approximated with the forward difference the equation 12 takes the form
The depth-averaged momentum equation 13 is discretized using a time-splitting Utnes scheme [8]
Multiplying the equation 16 by H, taking the divergence and substituting it in place of ∇ · HV +1 into 14 the Helmholtz approximation of the semi-implicit free-surface equation is obtained
The two-dimensional space domain Ω with boundary B is divided into a sum of linear triangular elements. An approximate solution of 10 and 17 is sought in the form of a finite sum
where , i=1,..N, is the set of bilinear interpolation functions. Substituting 18 into 10, multiplying according to the Galerkin method by weighting functions , j=1,...N , integrating over the solution domain an applying the Gauss theorem for the second-order terms, a system of the algebraic equations is obtained. For example, the momentum equations can be written as
where the global matrices are expressed as follows
The CONV denotes the global convective matrix, modified according to the upwinding Tabata scheme [6] . This technique is a clear generalization of upwind finite differences for finite element method and can be briefly illustrated at an element level in the following way. Let V: Ω → R 2 be a given velocity and S: Ω → R be a scalar function. Consider a mesh node A. Let us define an upwind element E A as such an element that A is a vertex of E A and the line segment originating from A with a direction -V(A) crosses E A (Fig. 1) . In the case of a piecewise linear interpolation function ∇S(A) is a constant and the convection term can be approximated with a first order formula [6] (
The Gauss direct elimination method is used to solve the resulting linear algebraic system. Equations11 form a set of locally one-dimensional equations. They are solved by the control volume scheme of Patankar [7] .
Results
Steady-state barotropic circulation under spatially variable wind forcing Lake Issyk-Kul is located in Kyrgyz Republic at an altitude of 1600 meters above sea level. It occupies about half of the area of Issyk-Kul province, which lies between latitudes 41
• 08' and 42 up to 60 km in its central part. Mean depth of the lake is 280 m, maximum depth is 668 m. It is a closed lake; about 118 rivers and streams flow into the lake and has no current outlet [9] . The lake is surrounded by the KungeiAlatau mountain chain to the north and the Teskei-Alatau mountain chain to the south. The ring of mountains rises 3000 m to 3500 m above the lake level. Thermal regime of Lake Issyk-Kul is characterized by considerable temporal and spatial non-homogeneity. The seasonal variations caused by periodical changes of incoming solar radiation are superimposed by short term fluctuations caused by wind action. According to the classification of Forel open part of the lake belongs to the group of warm monomictic lakes of tropical type. As pointed out by Hutchinson [10] the classification suggested by Yoshimura is more convenient since it takes into account not only the type and frequency of vertical circulation but also the geographical location of lakes. According to this classification open part of Lake Issyk-Kul belongs to subtropical type. Shallow parts where water temperature has value of maximum density temperature two times a year fall into the category of dimictic lakes of moderate type. Due to tremendous heat capacity of the lake and salinity of water equal to 5.9 gl
ice never covers Lake IssykKul completely. In shallow closed parts like Tupsky bay ice can be observed during 4 month period from December through March [11] . Mean annual temperature of surface water is about 11
• C [12] . In the middle part of the lake maximum monthly mean water temperatures are observed in August and are equal to 20. Several three-dimensional flow models based on finitedifference approximations were developed earlier and used to study barotropic and baroclinic circulation in the lake [13] [14] [15] . It this study the computational mesh of Lake Issyk-Kul model consists of 1838 nodes, 3212 elements and has 20-layers in vertical (Fig. 2) .
It is known from previous studies that Ulan and Santash are two main winds in the lake valley. Combined in various ways they define wind regime over lake surface. Ulan is a strong Westerly wind appearing in the western part of lake valley during invasion of cold frontal air masses. The maximum wind speed can reach 40 m/s (meteorological station Rybachye). Further to east the intensity of Ulan decreases. Santash is a strong Easterly wind linked with invasion of cold air into the lake valley from the east via mountain pass San-Tash. In Karakol the maximum speed of Santash wind equal to 25 m/s is recorded every year. Due to orographic features of lake valley it blows mainly along the northern lakeshore. Ulan in turn is more bounded to the southern shore.
To describe the spatial distribution of wind stresses over lake surface a simple hypothesis for the elliptic shape of stream functions was used. The wind speed was assumed to change linearly with a distance from the centre of ellipse (Fig. 3) . One could expect that due to orographic effects the wind speed is lower in the coastal parts of the lake compared to adopted linear approximation, but no detailed observations are available to check the observed wind distribution. Besides this simple spatial distribution corresponds rather well with the map of wind stresses over the lake averaged over nine types of annual wind distributions suggested by Kochergin et al. [15] .
By varying the ratio of x-axis of ellipse to y-axis R=a/b the different approximations of the wind field over lake surface can be produced (Figs. 4 and 5) . Wind speed varies from 0 in the central part of the lake to 12 m/s along the coastline. The model was forced by a wind shown in Figure 5 . Results of the barotropic flow simulations (neglecting thermal stratification effects) under typical wind conditions are presented below.
The highest water level decrease can be found in shallow zones of the eastern and western parts. Due to peculiarity of the spatial wind stress distribution the depression can be seen in the central deep part of the lake (Fig. 6) . A distribution of the surface velocity has two zones of maximum (Fig. 7) . As shown in Fig. 8 the flow in the surface layer follows the wind direction and as a consequence one lake-wide gyre is generated. This gyre can be observed also in deeper layers (Figs. 9 and 10). In shallow eastern parts of the lake the compensational currents directed against the wind can be seen.
Water currents were measured with a simple Lagrangian method. The drogue that is used is cylindrical in shape, its diameter is 0.6 m and its height is 1 m. The cylinders are left to drift with the currents for the period of several hours. The Global Positioning System (GPS) of the research vessel with the accuracy of 100 m was used to estimate the location of drogues. By this means, the accuracy of 20 percent was achieved for the velocity estimates. The velocity magnitude measured in August 2001 varied were observed (Fig. 11 ). The numerical model underestimates the velocity magnitude, probably, due to excessive numerical diffusion. The direction of simulated currents corresponds relatively well with observations, but direct comparison is premature due to high level of uncertainty in input data and measurements errors. The simulations are in satisfactory agreement with flow measurements conducted during APELIK expeditions in March and August 2001 (Fig. 11 ) and with previous model applications [14, 15] . The existence of the strong lakewide cyclonic gyre was confirmed again with new numerical experiments.
Conclusions
The system of hydrodynamic equations and boundary and initial conditions for a numerical lake circulation model is presented and discussed. Steady-state flow circulation patterns under the steady-state wind loading for Lake Issyk-Kul are described. Numerical experiments, where the lake model was forced with spatially varying surface winds, show the sensitivity of the lake model to the spatial variation in the wind-induced shear stresses. Simulated lake-wide currents agree satisfactorily with observa- tions, although the model systematically underestimates the magnitude of the flow. Further work, including baroclinic forcing, is required for more accurate description of the lake-wide hydrodynamic regime.
